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Part 1: Deep Gaussian processes
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A general family of probabilistic models

Y = f3(f2(· · · f1(X))), Hi = fi(Hi�1)
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Deep Gaussian process 

Nested function composition
Non-parametric, non-linear mappings f
Mappings f marginalized out analytically
NOT a GP!
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Deep Gaussian process 

8/7/19 A. Damianou 6



Sampling from a Deep GP
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Feature learning

Regularities are learned as “knots” in the latent space, carried over from layer to layer.
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Step function example 
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Successive warping to learn the step function
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Unsupervised learning for multiple data views
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Properties

Unsupervised learning possible due to Bayesian regularization 
Very data efficient 
Scalability also possible with newer techniques  

Intractable objective 
Classification is more challenging 
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Inference in Deep GPs: uncertainty propagation
Direct marginalisation of h is intractable

I Objective: p(y|x) =
R
h2

⇣
p(y|h2)

R
h1

p(h2|h1)p(h1|x)
⌘

I p(h2|x) =
R
h1,f2

p(h2|f2) p(f2|h1)| {z }
contains

(k(h1, h1))�1

p(h1|x)

Recap

Propagating uncertainty through non-linearities:

p(x) p(y)

y = f(x) + ✏
�!

VI is challenging with propagation of uncertainty.
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Variational bound and its properties
Properties of the bound (unsupervised case)

F =

Data fitz }| {
L+1X

l=2

*
NX

n=1

L(h(n)
l ,ul)

+

Q

�

L+1X

l=2

KL (q(ul) k p(ul))�KL (q(h1) k p(h1))| {z }
Regularization

+
LX

l=2

H (q(hl))| {z }
Regularization

All terms factorize w.r.t data points [Hensman et al 2013]

Bound on the log marginal likelihood log p(y)
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Part 2: Multi-fidelity modeling
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Multi-fidelity data

High fidelity observations Low fidelity observations

High fidelity simulations Low fidelity simulations
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Fusing information from multiple fidelities

We want to trust the high-fidelity data, where we have them, and where we don’t have them 
to learn how to reason based on low-fidelity data.
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Linear GP multi-fidelity 

fH(x)
<latexit sha1_base64="0OAJjGyCEM1sdB8Iat5Q0SOZ/M0=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0Wom5Ckoa27opsuK9gHtKFMppN27CQTZiZiCf0HNy4Ucev/uPNvnLQVVPTAhcM593LvPX7MqFSW9WHk1tY3Nrfy24Wd3b39g+LhUUfyRGDSxpxx0fORJIxGpK2oYqQXC4JCn5GuP73K/O4dEZLy6EbNYuKFaBzRgGKktNQJhs3y/fmwWLLMi3rVcavQMi2rZjt2RpyaW3GhrZUMJbBCa1h8H4w4TkISKcyQlH3bipWXIqEoZmReGCSSxAhP0Zj0NY1QSKSXLq6dwzOtjGDAha5IwYX6fSJFoZSz0NedIVIT+dvLxL+8fqKCupfSKE4UifByUZAwqDjMXocjKghWbKYJwoLqWyGeIIGw0gEVdAhfn8L/Sccx7YrpXLulxuUqjjw4AaegDGxQAw3QBC3QBhjcggfwBJ4NbjwaL8brsjVnrGaOwQ8Yb58X7I7S</latexit>

= ⇢H
<latexit sha1_base64="hDyuLm21OQZ33iwnjFJESKbkwvs=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9mtgl6EopceK9gPaJeSTbNtaDZZk6xQlv4JLx4U8erf8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NYyUYS2iORSdQOsKWeCtgwznHZjRXEUcNoJJneZ33miSjMpHsw0pn6ER4KFjGBjpe4N6quxHDQG5YpbdedAq8TLSQVyNAflr/5QkiSiwhCOte55bmz8FCvDCKezUj/RNMZkgke0Z6nAEdV+Or93hs6sMkShVLaEQXP190SKI62nUWA7I2zGetnLxP+8XmLCaz9lIk4MFWSxKEw4MhJlz6MhU5QYPrUEE8XsrYiMscLE2IhKNgRv+eVV0q5VvYtq7f6yUr/N4yjCCZzCOXhwBXVoQBNaQIDDM7zCm/PovDjvzseiteDkM8fwB87nD0Twj3c=</latexit>

fL(x)
<latexit sha1_base64="qhWNqBVLaN1zcLE6+lObrcV+Dfk=">AAAB7XicdVDLSgMxFM3UV62vqks3wSLUTUmq2HZXdOPCRQX7gHYomTTTxmYyQ5IRy9B/cONCEbf+jzv/xkxbQUUPXDiccy/33uNFgmuD0IeTWVpeWV3Lruc2Nre2d/K7ey0dxoqyJg1FqDoe0UxwyZqGG8E6kWIk8ARre+OL1G/fMaV5KG/MJGJuQIaS+5wSY6WW378q3h/38wVUQghhjGFKcOUMWVKrVcu4CnFqWRTAAo1+/r03CGkcMGmoIFp3MYqMmxBlOBVsmuvFmkWEjsmQdS2VJGDaTWbXTuGRVQbQD5UtaeBM/T6RkEDrSeDZzoCYkf7tpeJfXjc2ftVNuIxiwySdL/JjAU0I09fhgCtGjZhYQqji9lZIR0QRamxAORvC16fwf9Iql/BJqXx9WqifL+LIggNwCIoAgwqog0vQAE1AwS14AE/g2QmdR+fFeZ23ZpzFzD74AeftEwrvjso=</latexit>

+�H(x)
<latexit sha1_base64="C6Z5TtEDSN16mwdaQA1TVI5/vaE=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahIpSkCnoseumxgv2ANpTNZtMu3Wzi7qRYQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZ58WCa7Dtbyu3tr6xuZXfLuzs7u0fFA+PWjpKFGVNGolIdTyimeCSNYGDYJ1YMRJ6grW90d3Mb4+Z0jySDzCJmRuSgeQBpwSM5F7gns8EkH69/HTeL5bsij0HXiVORkooQ6Nf/Or5EU1CJoEKonXXsWNwU6KAU8GmhV6iWUzoiAxY11BJQqbddH70FJ8ZxcdBpExJwHP190RKQq0noWc6QwJDvezNxP+8bgLBjZtyGSfAJF0sChKBIcKzBLDPFaMgJoYQqri5FdMhUYSCyalgQnCWX14lrWrFuaxU769Ktdssjjw6QaeojBx0jWqojhqoiSh6RM/oFb1ZY+vFerc+Fq05K5s5Rn9gff4AR6yRIQ==</latexit>

High fidelity function (GP)

Low fidelity function (GP)

Contribution of low fidelity (const)

Bias between fidelities (GP)

fH(x)
<latexit sha1_base64="0OAJjGyCEM1sdB8Iat5Q0SOZ/M0=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0Wom5Ckoa27opsuK9gHtKFMppN27CQTZiZiCf0HNy4Ucev/uPNvnLQVVPTAhcM593LvPX7MqFSW9WHk1tY3Nrfy24Wd3b39g+LhUUfyRGDSxpxx0fORJIxGpK2oYqQXC4JCn5GuP73K/O4dEZLy6EbNYuKFaBzRgGKktNQJhs3y/fmwWLLMi3rVcavQMi2rZjt2RpyaW3GhrZUMJbBCa1h8H4w4TkISKcyQlH3bipWXIqEoZmReGCSSxAhP0Zj0NY1QSKSXLq6dwzOtjGDAha5IwYX6fSJFoZSz0NedIVIT+dvLxL+8fqKCupfSKE4UifByUZAwqDjMXocjKghWbKYJwoLqWyGeIIGw0gEVdAhfn8L/Sccx7YrpXLulxuUqjjw4AaegDGxQAw3QBC3QBhjcggfwBJ4NbjwaL8brsjVnrGaOwQ8Yb58X7I7S</latexit>

= ⇢H
<latexit sha1_base64="hDyuLm21OQZ33iwnjFJESKbkwvs=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9mtgl6EopceK9gPaJeSTbNtaDZZk6xQlv4JLx4U8erf8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NYyUYS2iORSdQOsKWeCtgwznHZjRXEUcNoJJneZ33miSjMpHsw0pn6ER4KFjGBjpe4N6quxHDQG5YpbdedAq8TLSQVyNAflr/5QkiSiwhCOte55bmz8FCvDCKezUj/RNMZkgke0Z6nAEdV+Or93hs6sMkShVLaEQXP190SKI62nUWA7I2zGetnLxP+8XmLCaz9lIk4MFWSxKEw4MhJlz6MhU5QYPrUEE8XsrYiMscLE2IhKNgRv+eVV0q5VvYtq7f6yUr/N4yjCCZzCOXhwBXVoQBNaQIDDM7zCm/PovDjvzseiteDkM8fwB87nD0Twj3c=</latexit>

fL(x)
<latexit sha1_base64="qhWNqBVLaN1zcLE6+lObrcV+Dfk=">AAAB7XicdVDLSgMxFM3UV62vqks3wSLUTUmq2HZXdOPCRQX7gHYomTTTxmYyQ5IRy9B/cONCEbf+jzv/xkxbQUUPXDiccy/33uNFgmuD0IeTWVpeWV3Lruc2Nre2d/K7ey0dxoqyJg1FqDoe0UxwyZqGG8E6kWIk8ARre+OL1G/fMaV5KG/MJGJuQIaS+5wSY6WW378q3h/38wVUQghhjGFKcOUMWVKrVcu4CnFqWRTAAo1+/r03CGkcMGmoIFp3MYqMmxBlOBVsmuvFmkWEjsmQdS2VJGDaTWbXTuGRVQbQD5UtaeBM/T6RkEDrSeDZzoCYkf7tpeJfXjc2ftVNuIxiwySdL/JjAU0I09fhgCtGjZhYQqji9lZIR0QRamxAORvC16fwf9Iql/BJqXx9WqifL+LIggNwCIoAgwqog0vQAE1AwS14AE/g2QmdR+fFeZ23ZpzFzD74AeftEwrvjso=</latexit>

+�H(x)
<latexit sha1_base64="C6Z5TtEDSN16mwdaQA1TVI5/vaE=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahIpSkCnoseumxgv2ANpTNZtMu3Wzi7qRYQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZ58WCa7Dtbyu3tr6xuZXfLuzs7u0fFA+PWjpKFGVNGolIdTyimeCSNYGDYJ1YMRJ6grW90d3Mb4+Z0jySDzCJmRuSgeQBpwSM5F7gns8EkH69/HTeL5bsij0HXiVORkooQ6Nf/Or5EU1CJoEKonXXsWNwU6KAU8GmhV6iWUzoiAxY11BJQqbddH70FJ8ZxcdBpExJwHP190RKQq0noWc6QwJDvezNxP+8bgLBjZtyGSfAJF0sChKBIcKzBLDPFaMgJoYQqri5FdMhUYSCyalgQnCWX14lrWrFuaxU769Ktdssjjw6QaeojBx0jWqojhqoiSh6RM/oFb1ZY+vFerc+Fq05K5s5Rn9gff4AR6yRIQ==</latexit>
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Non-linear multi-fidelity GP => Deep GP

fH(x)
<latexit sha1_base64="0OAJjGyCEM1sdB8Iat5Q0SOZ/M0=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0Wom5Ckoa27opsuK9gHtKFMppN27CQTZiZiCf0HNy4Ucev/uPNvnLQVVPTAhcM593LvPX7MqFSW9WHk1tY3Nrfy24Wd3b39g+LhUUfyRGDSxpxx0fORJIxGpK2oYqQXC4JCn5GuP73K/O4dEZLy6EbNYuKFaBzRgGKktNQJhs3y/fmwWLLMi3rVcavQMi2rZjt2RpyaW3GhrZUMJbBCa1h8H4w4TkISKcyQlH3bipWXIqEoZmReGCSSxAhP0Zj0NY1QSKSXLq6dwzOtjGDAha5IwYX6fSJFoZSz0NedIVIT+dvLxL+8fqKCupfSKE4UifByUZAwqDjMXocjKghWbKYJwoLqWyGeIIGw0gEVdAhfn8L/Sccx7YrpXLulxuUqjjw4AaegDGxQAw3QBC3QBhjcggfwBJ4NbjwaL8brsjVnrGaOwQ8Yb58X7I7S</latexit>

= ⇢H
<latexit sha1_base64="hDyuLm21OQZ33iwnjFJESKbkwvs=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9mtgl6EopceK9gPaJeSTbNtaDZZk6xQlv4JLx4U8erf8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NYyUYS2iORSdQOsKWeCtgwznHZjRXEUcNoJJneZ33miSjMpHsw0pn6ER4KFjGBjpe4N6quxHDQG5YpbdedAq8TLSQVyNAflr/5QkiSiwhCOte55bmz8FCvDCKezUj/RNMZkgke0Z6nAEdV+Or93hs6sMkShVLaEQXP190SKI62nUWA7I2zGetnLxP+8XmLCaz9lIk4MFWSxKEw4MhJlz6MhU5QYPrUEE8XsrYiMscLE2IhKNgRv+eVV0q5VvYtq7f6yUr/N4yjCCZzCOXhwBXVoQBNaQIDDM7zCm/PovDjvzseiteDkM8fwB87nD0Twj3c=</latexit>

fL(x)
<latexit sha1_base64="qhWNqBVLaN1zcLE6+lObrcV+Dfk=">AAAB7XicdVDLSgMxFM3UV62vqks3wSLUTUmq2HZXdOPCRQX7gHYomTTTxmYyQ5IRy9B/cONCEbf+jzv/xkxbQUUPXDiccy/33uNFgmuD0IeTWVpeWV3Lruc2Nre2d/K7ey0dxoqyJg1FqDoe0UxwyZqGG8E6kWIk8ARre+OL1G/fMaV5KG/MJGJuQIaS+5wSY6WW378q3h/38wVUQghhjGFKcOUMWVKrVcu4CnFqWRTAAo1+/r03CGkcMGmoIFp3MYqMmxBlOBVsmuvFmkWEjsmQdS2VJGDaTWbXTuGRVQbQD5UtaeBM/T6RkEDrSeDZzoCYkf7tpeJfXjc2ftVNuIxiwySdL/JjAU0I09fhgCtGjZhYQqji9lZIR0QRamxAORvC16fwf9Iql/BJqXx9WqifL+LIggNwCIoAgwqog0vQAE1AwS14AE/g2QmdR+fFeZ23ZpzFzD74AeftEwrvjso=</latexit>

+�H(x)
<latexit sha1_base64="C6Z5TtEDSN16mwdaQA1TVI5/vaE=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahIpSkCnoseumxgv2ANpTNZtMu3Wzi7qRYQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZ58WCa7Dtbyu3tr6xuZXfLuzs7u0fFA+PWjpKFGVNGolIdTyimeCSNYGDYJ1YMRJ6grW90d3Mb4+Z0jySDzCJmRuSgeQBpwSM5F7gns8EkH69/HTeL5bsij0HXiVORkooQ6Nf/Or5EU1CJoEKonXXsWNwU6KAU8GmhV6iWUzoiAxY11BJQqbddH70FJ8ZxcdBpExJwHP190RKQq0noWc6QwJDvezNxP+8bgLBjZtyGSfAJF0sChKBIcKzBLDPFaMgJoYQqri5FdMhUYSCyalgQnCWX14lrWrFuaxU769Ktdssjjw6QaeojBx0jWqojhqoiSh6RM/oFb1ZY+vFerc+Fq05K5s5Rn9gff4AR6yRIQ==</latexit>

⇢H(
<latexit sha1_base64="ULvHqVBFLrMn4+CtjWFwkItkgSw=">AAAB7nicbVBNSwMxEJ34WetX1aOXYBF6KrtV0GPRS48V7Ae0S8mm2TY0myxJVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXJoIb63nfaGNza3tnt7BX3D84PDounZy2jUo1ZS2qhNLdkBgmuGQty61g3UQzEoeCdcLJ/dzvPDFtuJKPdpqwICYjySNOiXVSp6/HatCoDEplr+otgNeJn5My5GgOSl/9oaJpzKSlghjT873EBhnRllPBZsV+alhC6ISMWM9RSWJmgmxx7gxfOmWII6VdSYsX6u+JjMTGTOPQdcbEjs2qNxf/83qpjW6DjMsktUzS5aIoFdgqPP8dD7lm1IqpI4Rq7m7FdEw0odYlVHQh+Ksvr5N2repfVWsP1+X6XR5HAc7hAirgww3UoQFNaAGFCTzDK7yhBL2gd/SxbN1A+cwZ/AH6/AHPfo84</latexit>

, x)
<latexit sha1_base64="krRJUmMvfbBJNmtB+9z6PCoDW00=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRZBQcpuFfRY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYWV1b3yhulra2d3b3yvsHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8W3mtx+p0iySD2YSU1/goWQhI9hk0jl6OuuXK27VnQEtEy8nFcjR6Je/eoOIJIJKQzjWuuu5sfFTrAwjnE5LvUTTGJMxHtKupRILqv10dusUnVhlgMJI2ZIGzdTfEykWWk9EYDsFNiO96GXif143MeG1nzIZJ4ZKMl8UJhyZCGWPowFTlBg+sQQTxeytiIywwsTYeEo2BG/x5WXSqlW9i2rt/rJSv8njKMIRHMMpeHAFdbiDBjSBwAie4RXeHOG8OO/Ox7y14OQzh/AHzucPCOeNkw==</latexit>

fH(x)
<latexit sha1_base64="0OAJjGyCEM1sdB8Iat5Q0SOZ/M0=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0Wom5Ckoa27opsuK9gHtKFMppN27CQTZiZiCf0HNy4Ucev/uPNvnLQVVPTAhcM593LvPX7MqFSW9WHk1tY3Nrfy24Wd3b39g+LhUUfyRGDSxpxx0fORJIxGpK2oYqQXC4JCn5GuP73K/O4dEZLy6EbNYuKFaBzRgGKktNQJhs3y/fmwWLLMi3rVcavQMi2rZjt2RpyaW3GhrZUMJbBCa1h8H4w4TkISKcyQlH3bipWXIqEoZmReGCSSxAhP0Zj0NY1QSKSXLq6dwzOtjGDAha5IwYX6fSJFoZSz0NedIVIT+dvLxL+8fqKCupfSKE4UifByUZAwqDjMXocjKghWbKYJwoLqWyGeIIGw0gEVdAhfn8L/Sccx7YrpXLulxuUqjjw4AaegDGxQAw3QBC3QBhjcggfwBJ4NbjwaL8brsjVnrGaOwQ8Yb58X7I7S</latexit>

= ⇢H
<latexit sha1_base64="hDyuLm21OQZ33iwnjFJESKbkwvs=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9mtgl6EopceK9gPaJeSTbNtaDZZk6xQlv4JLx4U8erf8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NYyUYS2iORSdQOsKWeCtgwznHZjRXEUcNoJJneZ33miSjMpHsw0pn6ER4KFjGBjpe4N6quxHDQG5YpbdedAq8TLSQVyNAflr/5QkiSiwhCOte55bmz8FCvDCKezUj/RNMZkgke0Z6nAEdV+Or93hs6sMkShVLaEQXP190SKI62nUWA7I2zGetnLxP+8XmLCaz9lIk4MFWSxKEw4MhJlz6MhU5QYPrUEE8XsrYiMscLE2IhKNgRv+eVV0q5VvYtq7f6yUr/N4yjCCZzCOXhwBXVoQBNaQIDDM7zCm/PovDjvzseiteDkM8fwB87nD0Twj3c=</latexit>

fL(x)
<latexit sha1_base64="qhWNqBVLaN1zcLE6+lObrcV+Dfk=">AAAB7XicdVDLSgMxFM3UV62vqks3wSLUTUmq2HZXdOPCRQX7gHYomTTTxmYyQ5IRy9B/cONCEbf+jzv/xkxbQUUPXDiccy/33uNFgmuD0IeTWVpeWV3Lruc2Nre2d/K7ey0dxoqyJg1FqDoe0UxwyZqGG8E6kWIk8ARre+OL1G/fMaV5KG/MJGJuQIaS+5wSY6WW378q3h/38wVUQghhjGFKcOUMWVKrVcu4CnFqWRTAAo1+/r03CGkcMGmoIFp3MYqMmxBlOBVsmuvFmkWEjsmQdS2VJGDaTWbXTuGRVQbQD5UtaeBM/T6RkEDrSeDZzoCYkf7tpeJfXjc2ftVNuIxiwySdL/JjAU0I09fhgCtGjZhYQqji9lZIR0QRamxAORvC16fwf9Iql/BJqXx9WqifL+LIggNwCIoAgwqog0vQAE1AwS14AE/g2QmdR+fFeZ23ZpzFzD74AeftEwrvjso=</latexit>

+�H(x)
<latexit sha1_base64="C6Z5TtEDSN16mwdaQA1TVI5/vaE=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahIpSkCnoseumxgv2ANpTNZtMu3Wzi7qRYQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZ58WCa7Dtbyu3tr6xuZXfLuzs7u0fFA+PWjpKFGVNGolIdTyimeCSNYGDYJ1YMRJ6grW90d3Mb4+Z0jySDzCJmRuSgeQBpwSM5F7gns8EkH69/HTeL5bsij0HXiVORkooQ6Nf/Or5EU1CJoEKonXXsWNwU6KAU8GmhV6iWUzoiAxY11BJQqbddH70FJ8ZxcdBpExJwHP190RKQq0noWc6QwJDvezNxP+8bgLBjZtyGSfAJF0sChKBIcKzBLDPFaMgJoYQqri5FdMhUYSCyalgQnCWX14lrWrFuaxU769Ktdssjjw6QaeojBx0jWqojhqoiSh6RM/oFb1ZY+vFerc+Fq05K5s5Rn9gff4AR6yRIQ==</latexit>

Linear relationship between fidelities

Non-linear relationship between fidelities
(deep GP!)
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Non-linear multi-fidelity GP => Deep GP

fH(x)
<latexit sha1_base64="0OAJjGyCEM1sdB8Iat5Q0SOZ/M0=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0Wom5Ckoa27opsuK9gHtKFMppN27CQTZiZiCf0HNy4Ucev/uPNvnLQVVPTAhcM593LvPX7MqFSW9WHk1tY3Nrfy24Wd3b39g+LhUUfyRGDSxpxx0fORJIxGpK2oYqQXC4JCn5GuP73K/O4dEZLy6EbNYuKFaBzRgGKktNQJhs3y/fmwWLLMi3rVcavQMi2rZjt2RpyaW3GhrZUMJbBCa1h8H4w4TkISKcyQlH3bipWXIqEoZmReGCSSxAhP0Zj0NY1QSKSXLq6dwzOtjGDAha5IwYX6fSJFoZSz0NedIVIT+dvLxL+8fqKCupfSKE4UifByUZAwqDjMXocjKghWbKYJwoLqWyGeIIGw0gEVdAhfn8L/Sccx7YrpXLulxuUqjjw4AaegDGxQAw3QBC3QBhjcggfwBJ4NbjwaL8brsjVnrGaOwQ8Yb58X7I7S</latexit>

= ⇢H
<latexit sha1_base64="hDyuLm21OQZ33iwnjFJESKbkwvs=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9mtgl6EopceK9gPaJeSTbNtaDZZk6xQlv4JLx4U8erf8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NYyUYS2iORSdQOsKWeCtgwznHZjRXEUcNoJJneZ33miSjMpHsw0pn6ER4KFjGBjpe4N6quxHDQG5YpbdedAq8TLSQVyNAflr/5QkiSiwhCOte55bmz8FCvDCKezUj/RNMZkgke0Z6nAEdV+Or93hs6sMkShVLaEQXP190SKI62nUWA7I2zGetnLxP+8XmLCaz9lIk4MFWSxKEw4MhJlz6MhU5QYPrUEE8XsrYiMscLE2IhKNgRv+eVV0q5VvYtq7f6yUr/N4yjCCZzCOXhwBXVoQBNaQIDDM7zCm/PovDjvzseiteDkM8fwB87nD0Twj3c=</latexit>

fL(x)
<latexit sha1_base64="qhWNqBVLaN1zcLE6+lObrcV+Dfk=">AAAB7XicdVDLSgMxFM3UV62vqks3wSLUTUmq2HZXdOPCRQX7gHYomTTTxmYyQ5IRy9B/cONCEbf+jzv/xkxbQUUPXDiccy/33uNFgmuD0IeTWVpeWV3Lruc2Nre2d/K7ey0dxoqyJg1FqDoe0UxwyZqGG8E6kWIk8ARre+OL1G/fMaV5KG/MJGJuQIaS+5wSY6WW378q3h/38wVUQghhjGFKcOUMWVKrVcu4CnFqWRTAAo1+/r03CGkcMGmoIFp3MYqMmxBlOBVsmuvFmkWEjsmQdS2VJGDaTWbXTuGRVQbQD5UtaeBM/T6RkEDrSeDZzoCYkf7tpeJfXjc2ftVNuIxiwySdL/JjAU0I09fhgCtGjZhYQqji9lZIR0QRamxAORvC16fwf9Iql/BJqXx9WqifL+LIggNwCIoAgwqog0vQAE1AwS14AE/g2QmdR+fFeZ23ZpzFzD74AeftEwrvjso=</latexit>

+�H(x)
<latexit sha1_base64="C6Z5TtEDSN16mwdaQA1TVI5/vaE=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahIpSkCnoseumxgv2ANpTNZtMu3Wzi7qRYQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZ58WCa7Dtbyu3tr6xuZXfLuzs7u0fFA+PWjpKFGVNGolIdTyimeCSNYGDYJ1YMRJ6grW90d3Mb4+Z0jySDzCJmRuSgeQBpwSM5F7gns8EkH69/HTeL5bsij0HXiVORkooQ6Nf/Or5EU1CJoEKonXXsWNwU6KAU8GmhV6iWUzoiAxY11BJQqbddH70FJ8ZxcdBpExJwHP190RKQq0noWc6QwJDvezNxP+8bgLBjZtyGSfAJF0sChKBIcKzBLDPFaMgJoYQqri5FdMhUYSCyalgQnCWX14lrWrFuaxU769Ktdssjjw6QaeojBx0jWqojhqoiSh6RM/oFb1ZY+vFerc+Fq05K5s5Rn9gff4AR6yRIQ==</latexit>

⇢H(
<latexit sha1_base64="ULvHqVBFLrMn4+CtjWFwkItkgSw=">AAAB7nicbVBNSwMxEJ34WetX1aOXYBF6KrtV0GPRS48V7Ae0S8mm2TY0myxJVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXJoIb63nfaGNza3tnt7BX3D84PDounZy2jUo1ZS2qhNLdkBgmuGQty61g3UQzEoeCdcLJ/dzvPDFtuJKPdpqwICYjySNOiXVSp6/HatCoDEplr+otgNeJn5My5GgOSl/9oaJpzKSlghjT873EBhnRllPBZsV+alhC6ISMWM9RSWJmgmxx7gxfOmWII6VdSYsX6u+JjMTGTOPQdcbEjs2qNxf/83qpjW6DjMsktUzS5aIoFdgqPP8dD7lm1IqpI4Rq7m7FdEw0odYlVHQh+Ksvr5N2repfVWsP1+X6XR5HAc7hAirgww3UoQFNaAGFCTzDK7yhBL2gd/SxbN1A+cwZ/AH6/AHPfo84</latexit>

, x)
<latexit sha1_base64="krRJUmMvfbBJNmtB+9z6PCoDW00=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRZBQcpuFfRY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYWV1b3yhulra2d3b3yvsHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8W3mtx+p0iySD2YSU1/goWQhI9hk0jl6OuuXK27VnQEtEy8nFcjR6Je/eoOIJIJKQzjWuuu5sfFTrAwjnE5LvUTTGJMxHtKupRILqv10dusUnVhlgMJI2ZIGzdTfEykWWk9EYDsFNiO96GXif143MeG1nzIZJ4ZKMl8UJhyZCGWPowFTlBg+sQQTxeytiIywwsTYeEo2BG/x5WXSqlW9i2rt/rJSv8njKMIRHMMpeHAFdbiDBjSBwAie4RXeHOG8OO/Ox7y14OQzh/AHzucPCOeNkw==</latexit>

fH(x)
<latexit sha1_base64="0OAJjGyCEM1sdB8Iat5Q0SOZ/M0=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0Wom5Ckoa27opsuK9gHtKFMppN27CQTZiZiCf0HNy4Ucev/uPNvnLQVVPTAhcM593LvPX7MqFSW9WHk1tY3Nrfy24Wd3b39g+LhUUfyRGDSxpxx0fORJIxGpK2oYqQXC4JCn5GuP73K/O4dEZLy6EbNYuKFaBzRgGKktNQJhs3y/fmwWLLMi3rVcavQMi2rZjt2RpyaW3GhrZUMJbBCa1h8H4w4TkISKcyQlH3bipWXIqEoZmReGCSSxAhP0Zj0NY1QSKSXLq6dwzOtjGDAha5IwYX6fSJFoZSz0NedIVIT+dvLxL+8fqKCupfSKE4UifByUZAwqDjMXocjKghWbKYJwoLqWyGeIIGw0gEVdAhfn8L/Sccx7YrpXLulxuUqjjw4AaegDGxQAw3QBC3QBhjcggfwBJ4NbjwaL8brsjVnrGaOwQ8Yb58X7I7S</latexit>

= ⇢H
<latexit sha1_base64="hDyuLm21OQZ33iwnjFJESKbkwvs=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9mtgl6EopceK9gPaJeSTbNtaDZZk6xQlv4JLx4U8erf8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NYyUYS2iORSdQOsKWeCtgwznHZjRXEUcNoJJneZ33miSjMpHsw0pn6ER4KFjGBjpe4N6quxHDQG5YpbdedAq8TLSQVyNAflr/5QkiSiwhCOte55bmz8FCvDCKezUj/RNMZkgke0Z6nAEdV+Or93hs6sMkShVLaEQXP190SKI62nUWA7I2zGetnLxP+8XmLCaz9lIk4MFWSxKEw4MhJlz6MhU5QYPrUEE8XsrYiMscLE2IhKNgRv+eVV0q5VvYtq7f6yUr/N4yjCCZzCOXhwBXVoQBNaQIDDM7zCm/PovDjvzseiteDkM8fwB87nD0Twj3c=</latexit>

fL(x)
<latexit sha1_base64="qhWNqBVLaN1zcLE6+lObrcV+Dfk=">AAAB7XicdVDLSgMxFM3UV62vqks3wSLUTUmq2HZXdOPCRQX7gHYomTTTxmYyQ5IRy9B/cONCEbf+jzv/xkxbQUUPXDiccy/33uNFgmuD0IeTWVpeWV3Lruc2Nre2d/K7ey0dxoqyJg1FqDoe0UxwyZqGG8E6kWIk8ARre+OL1G/fMaV5KG/MJGJuQIaS+5wSY6WW378q3h/38wVUQghhjGFKcOUMWVKrVcu4CnFqWRTAAo1+/r03CGkcMGmoIFp3MYqMmxBlOBVsmuvFmkWEjsmQdS2VJGDaTWbXTuGRVQbQD5UtaeBM/T6RkEDrSeDZzoCYkf7tpeJfXjc2ftVNuIxiwySdL/JjAU0I09fhgCtGjZhYQqji9lZIR0QRamxAORvC16fwf9Iql/BJqXx9WqifL+LIggNwCIoAgwqog0vQAE1AwS14AE/g2QmdR+fFeZ23ZpzFzD74AeftEwrvjso=</latexit>

+�H(x)
<latexit sha1_base64="C6Z5TtEDSN16mwdaQA1TVI5/vaE=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahIpSkCnoseumxgv2ANpTNZtMu3Wzi7qRYQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZ58WCa7Dtbyu3tr6xuZXfLuzs7u0fFA+PWjpKFGVNGolIdTyimeCSNYGDYJ1YMRJ6grW90d3Mb4+Z0jySDzCJmRuSgeQBpwSM5F7gns8EkH69/HTeL5bsij0HXiVORkooQ6Nf/Or5EU1CJoEKonXXsWNwU6KAU8GmhV6iWUzoiAxY11BJQqbddH70FJ8ZxcdBpExJwHP190RKQq0noWc6QwJDvezNxP+8bgLBjZtyGSfAJF0sChKBIcKzBLDPFaMgJoYQqri5FdMhUYSCyalgQnCWX14lrWrFuaxU769Ktdssjjw6QaeojBx0jWqojhqoiSh6RM/oFb1ZY+vFerc+Fq05K5s5Rn9gff4AR6yRIQ==</latexit>

, x)
<latexit sha1_base64="krRJUmMvfbBJNmtB+9z6PCoDW00=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRZBQcpuFfRY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYWV1b3yhulra2d3b3yvsHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8W3mtx+p0iySD2YSU1/goWQhI9hk0jl6OuuXK27VnQEtEy8nFcjR6Je/eoOIJIJKQzjWuuu5sfFTrAwjnE5LvUTTGJMxHtKupRILqv10dusUnVhlgMJI2ZIGzdTfEykWWk9EYDsFNiO96GXif143MeG1nzIZJ4ZKMl8UJhyZCGWPowFTlBg+sQQTxeytiIywwsTYeEo2BG/x5WXSqlW9i2rt/rJSv8njKMIRHMMpeHAFdbiDBjSBwAie4RXeHOG8OO/Ox7y14OQzh/AHzucPCOeNkw==</latexit>

fH(x)
<latexit sha1_base64="0OAJjGyCEM1sdB8Iat5Q0SOZ/M0=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0Wom5Ckoa27opsuK9gHtKFMppN27CQTZiZiCf0HNy4Ucev/uPNvnLQVVPTAhcM593LvPX7MqFSW9WHk1tY3Nrfy24Wd3b39g+LhUUfyRGDSxpxx0fORJIxGpK2oYqQXC4JCn5GuP73K/O4dEZLy6EbNYuKFaBzRgGKktNQJhs3y/fmwWLLMi3rVcavQMi2rZjt2RpyaW3GhrZUMJbBCa1h8H4w4TkISKcyQlH3bipWXIqEoZmReGCSSxAhP0Zj0NY1QSKSXLq6dwzOtjGDAha5IwYX6fSJFoZSz0NedIVIT+dvLxL+8fqKCupfSKE4UifByUZAwqDjMXocjKghWbKYJwoLqWyGeIIGw0gEVdAhfn8L/Sccx7YrpXLulxuUqjjw4AaegDGxQAw3QBC3QBhjcggfwBJ4NbjwaL8brsjVnrGaOwQ8Yb58X7I7S</latexit>

= ⇢H
<latexit sha1_base64="hDyuLm21OQZ33iwnjFJESKbkwvs=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9mtgl6EopceK9gPaJeSTbNtaDZZk6xQlv4JLx4U8erf8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NYyUYS2iORSdQOsKWeCtgwznHZjRXEUcNoJJneZ33miSjMpHsw0pn6ER4KFjGBjpe4N6quxHDQG5YpbdedAq8TLSQVyNAflr/5QkiSiwhCOte55bmz8FCvDCKezUj/RNMZkgke0Z6nAEdV+Or93hs6sMkShVLaEQXP190SKI62nUWA7I2zGetnLxP+8XmLCaz9lIk4MFWSxKEw4MhJlz6MhU5QYPrUEE8XsrYiMscLE2IhKNgRv+eVV0q5VvYtq7f6yUr/N4yjCCZzCOXhwBXVoQBNaQIDDM7zCm/PovDjvzseiteDkM8fwB87nD0Twj3c=</latexit>

gH(
<latexit sha1_base64="AMyWtOLMTuLZZU9SjPrcrbdyASY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahp7JbC3oseumxgv2AdinZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1PY2t7Z3Svulw4Oj45PyqdnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2X3m956o0iySj2YeU1/giWQhI9hk0mTUqo7KFbfmLoE2iZeTCuRoj8pfw3FEEkGlIRxrPfDc2PgpVoYRThelYaJpjMkMT+jAUokF1X66vHWBrqwyRmGkbEmDlurviRQLrecisJ0Cm6le9zLxP2+QmPDWT5mME0MlWS0KE45MhLLH0ZgpSgyfW4KJYvZWRKZYYWJsPCUbgrf+8ibp1mveda3+0Kg07/I4inABl1AFD26gCS1oQwcITOEZXuHNEc6L8+58rFoLTj5zDn/gfP4AeIqN3A==</latexit>

f⇤
L(x)

<latexit sha1_base64="+oEHMxp2AonGKLIIMAqv93Nn/QE=">AAAB73icdVDLTgIxFO3gC/GFunTTSEzQBWnRCOyIbly4wEQeCSDplA40dDpj2zGSCT/hxoXGuPV33Pk3dgATNXqSm5ycc2/uvccNBdcGoQ8ntbC4tLySXs2srW9sbmW3dxo6iBRldRqIQLVcopngktUNN4K1QsWI7wrWdEfnid+8Y0rzQF6bcci6PhlI7nFKjJVa3s1R7zJ/f9jL5lABIYQxhgnBpVNkSaVSLuIyxIllkQNz1HrZ904/oJHPpKGCaN3GKDTdmCjDqWCTTCfSLCR0RAasbakkPtPdeHrvBB5YpQ+9QNmSBk7V7xMx8bUe+67t9IkZ6t9eIv7ltSPjlbsxl2FkmKSzRV4koAlg8jzsc8WoEWNLCFXc3grpkChCjY0oY0P4+hT+TxrFAj4uFK9OctWzeRxpsAf2QR5gUAJVcAFqoA4oEOABPIFn59Z5dF6c11lrypnP7IIfcN4+ASbOj2Y=</latexit>

Linear relationship between fidelities

Non-linear relationship between fidelities
(deep GP!)

+
<latexit sha1_base64="ztRGvI/PTp54X8Ah92sbPC/xLGs=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqexWQY9FPXisYD9gu5Rsmm1Ds8mSzFrK0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhYngBlz32ymsrW9sbhW3Szu7e/sH5cOjllGppqxJlVC6ExLDBJesCRwE6ySakTgUrB2Obmd++4lpw5V8hEnCgpgMJI84JWAlv3unxpJorcalXrniVt058CrxclJBORq98le3r2gaMwlUEGN8z00gyIgGTgWblrqpYQmhIzJgvqWSxMwE2fzkKT6zSh9HStuSgOfq74mMxMZM4tB2xgSGZtmbif95fgrRdZBxmaTAJF0silKBQeHZ/7jPNaMgJpYQqrm9FdMh0YSCTWkWgrf88ipp1areRbX2cFmp3+RxFNEJOkXnyENXqI7uUQM1EUUKPaNX9OaA8+K8Ox+L1oKTzxyjP3A+fwAHJpEV</latexit>

f⇤
L(x)

<latexit sha1_base64="+oEHMxp2AonGKLIIMAqv93Nn/QE=">AAAB73icdVDLTgIxFO3gC/GFunTTSEzQBWnRCOyIbly4wEQeCSDplA40dDpj2zGSCT/hxoXGuPV33Pk3dgATNXqSm5ycc2/uvccNBdcGoQ8ntbC4tLySXs2srW9sbmW3dxo6iBRldRqIQLVcopngktUNN4K1QsWI7wrWdEfnid+8Y0rzQF6bcci6PhlI7nFKjJVa3s1R7zJ/f9jL5lABIYQxhgnBpVNkSaVSLuIyxIllkQNz1HrZ904/oJHPpKGCaN3GKDTdmCjDqWCTTCfSLCR0RAasbakkPtPdeHrvBB5YpQ+9QNmSBk7V7xMx8bUe+67t9IkZ6t9eIv7ltSPjlbsxl2FkmKSzRV4koAlg8jzsc8WoEWNLCFXc3grpkChCjY0oY0P4+hT+TxrFAj4uFK9OctWzeRxpsAf2QR5gUAJVcAFqoA4oEOABPIFn59Z5dF6c11lrypnP7IIfcN4+ASbOj2Y=</latexit>

denotes a sample from the posterior of the  GP modeling the low-fidelity data.

Cutajar et al. arXiv: 1903.07320

δ absorbed into  g
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Graphical model
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Sequential design for multi-fidelity GP

Strategy for collecting data points across fidelities

Each fidelity evaluation comes with a different cost, proportional to the 
level of fidelity

Approach: Formulation as a multi-fidelity bandit GP problem in the 
UCB setting (Kandasamy et al. 2016)
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Demonstration

Find the maximum of the high-fidelity function 
Consider cost while collecting points from each fidelity
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Conclusion

Deep GPs learn rich mappings in a regularized and data efficient 
manner 

Multi-fidelity GPs allow us to fuse multiple fidelity data 

We can actively acquire data of different fidelities using the GP 
emulators in each fidelity.
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Thanks!

Questions?
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Appendix
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Benchmark examples
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