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Deep Gaussian processes - Big Picture

Deep GP:
@ » Directed graphical model
» Non-parametric, non-linear mappings f
» Mappings f marginalised out analytically
CH) » Likelihood is a non-linear function of the inputs
» Continuous variables
f > NOT a GP!
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Deep Gaussian processes - Big Picture

Deep GP:
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Directed graphical model

Non-parametric, non-linear mappings f
Mappings f marginalised out analytically
Likelihood is a non-linear function of the inputs
Continuous variables

NOT a GP!

CH) Challenges:

Marginalise out H

No sampling: analytic approximation of objective

@ Solution:

» Variational approximation

» This also gives access to the model evidence



Gesture challenge: human vs computer
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a computer struggles...
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Introducing Gaussian Processes:

» A Gaussian distribution depends on a mean and a covariance
vector / matrix.

» A Gaussian  process depends on a mean and a covariance
function.

Next: Demo, from Gaussian distributions to Gaussian processes.
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Infinite model... but we always work with finite sets!

Let's start with a multivariate Gaussian:

p(fl,f?a"' afsafs+1afs+27"' afN) NN(H’>K)
fa fp

OR: p(fa, f5) ~ N(p, K).

with:
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Infinite model... but we always work with finite sets!

Let's start with a multivariate Gaussian:

p(fl,f?a"' afsafs+1afs+27"' afN) NN(H’7K)
fa fp

OR: p(fa, f5) ~ N(p, K).

with:

A Kasx Kanp
= and K =
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Marginalisation property:

p(Ea) = / p(Ea, £5)dfs = A (114, K 1)

fp



Infinite model... but we always work with finite sets!

In the GP context:
My
e[ e
where:

Training data: X =[xy, ,xN]

£ =[fi vl = @), fan)]



Posterior is also Gaussian!



Posterior is also Gaussian!

p(fa,fp) ~ N(p,K).  Then:
p(falfp) = N(--- )

In the GP context this can be used for inter/extrapolation:

p(felfi- In) = p(f (@)l f (1), -+ flan)) ~ N



More about the GP posterior

» For test points X, we can predict their values f,.

» Assuming a zero-mean GP prior, f and f, follow a joint

Gaussian:
HE Gl ad)

» The conditional p(f,|f, X, X,) is Gaussian with:

= Kxx*Ig:xlf
Y= I<xx - I{xx*Ig;lex*x



More about the GP posterior
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For test points X, we can predict their values f,.

» Assuming a zero-mean GP prior, f and f, follow a joint

Gaussian:
HE Gl ad)

The conditional p(f.|f, X, X,) is Gaussian with:

= Kxx*Ig:xlf
Y= I<xx - I{xx*Ig;lex*x
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But where is K coming from?



Covariance functions

v

Assumptions about properties of f = define a parametric
form for k, e.g:

k(z,2') = avexp (‘%(w — x/)T(x — x’))

v

However, a GP prior with this cov. function defines a whole
family of functions

v

The parameters {«,~} are hyperparameters.
We write: f ~ GP(0, k(z,2"))

v



Covariance samples and hyperparameters

» The hyperparameters of the cov. function define the
properties (and NOT an explicit form) of the sampled
functions




Incorporating Gaussian noise is tractable

» So far we assumed: f = f(X)

» Assuming that we only observe noisy versions y of the true
outputs f:
y:f(X) + € €NN(0702)



Fitting the data




Fitting the data - Prior Samples

3




Fitting the data
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Fitting the data - more noise




Fitting the data - no noise




Fitting the data - Posterior samples




Fitting the data




Fitting the data




Fitting the data




Fitting the data




Fitting the data
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Another view: from lin. regression to GPs

» Bayesian linear regression: y = ¢(x)w -+ ¢
pole) = [ o) plw) -
- [ M@ No.o)
» Gaussian process: y=f(x)+e
plyla) = /f plylfe)  plfla) =

:/f N(f,0%) N(u(x), k(z,z))



Unsupervised learning: GP-LVM

» If X is unobserved, treat it as a
parameter and optimize over it.

» GP-LVM is interpreted as
non-linear PPCA.
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Bayesian regularization
Inducing Points
Structure: ARD and MRD (multi-view)
Extensions: dynamics and autoencoders



Sampling from a deep GP
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MAP optimisation?

@ » Joint = p(y|h1)p(hi|he)p(ha|x)

f » MAP optimization is extremely problematic
because:
@9 e Dimensionality of hs has to be decided a priori
e Prone to overfitting, if h are treated as parameters
f e Deep structures are not supported by the model’s
@ ObjectiVe but have to be forced [Lawrence & Moore '07]
1

f

®




Regularization solution: approximate Bayesian framework

» Analytic variational bound F < p(y|z)

e Extend Titsias’ method for variational learning of inducing
variables in Sparse GPs.
e Approximately marginalise out h

» Automatic structure discovery (nodes, connections, layers)
e Use the Automatic / Manifold Relevance Determination trick



Direct marginalisation of & is intractable (O-0)

» New objective: p(y|z) = fh1< ylh1) [, p(hilha)p (h2|x))
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Direct marginalisation of & is intractable (O-0)
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Direct marginalisation of & is intractable (O-0)

v

New objective: p(y|x) = fh1< (y|h1) fh2 (hilh2)p (hg]:r))

v

p(hilz) = [, pulf2)p(f2lhz) plhe|z)

v

p(hilz,ha) = [, 1 p(ha| f2)p(falua, ho)p(us|ho)p(he|z)

p(half2)p(foleriiz)p(uz|ho)p(he|T)

v

log p(hala, h2)> [y, 4, ,, QlogPrt B rzeziee na by

p(ha|f2)p(us|ha)p(halx
log p(h’1|$ h2 > fhg fg,’u,g QIOG : 92)(1(1122)(]2(}?;) : )

v

(UQUQ ) contains K~2B2



Inducing points: sparseness, tractability and Big Data

hy fi
ha | f5
h3o | f30
hai | f31
hy | fn




Inducing points: sparseness, tractability and Big Data

h fi

ha | f3

h3o | f30

RCRING

h31 | f31
| v



Inducing points: sparseness, tractability and Big Data

h3o

v

v

v
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f31
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Inducing points originally introduced for faster (sparse) GPs
Our manipulation allows to compress information from the
inputs of every layer

This induces tractability

Viewing them as global variables
= extension to Big Data [rensman et al., ual 2013]



Automatic dimensionality detection

» Achieved by employing automatic relevance determination
(ARD) priors for the mapping f.

» [~ GP(0,kf) with:

Q
1
2 2
k (xi,x5) = 0”exp ~5 Z (%i,q — Tj,q)

» Example:

—
1.2 3 4 5 6 7 8 9 10



Deep GP: MNIST example

Outputs obtained
Optimised after sampling
weights from (certain nodes)
of layers 5,4,2,1

Generic
A | H EEMAMANRNN ...

l encoding

A | H, [A[AA[A A @[

A W B IIIQ rArArArArA A A
Local
w1 Ii %mmmmm@@ feature

encoding

» http://staffwww.dcs.sheffield.ac.uk/people/A.Damianou/research /index.html#DeepGPs



http://staffwww.dcs.sheffield.ac.uk/people/A.Damianou/research/index.html#DeepGPs

Manifold Relevance Determination

.—-s /.\’_)@;9@
¥ @

» Observations come into two different views: Y and Z.

» The latent space is segmented into parts private to Y, private
to Z and shared between Y and Z.

» Used for data consolidation and discovering commonalities.



MRD weights




MRD examples

Motion capture / silhouette

Yale faces

20 40 60 80 100 120

» http://staffwww.dcs.sheffield.ac.uk/people/A.Damianou/research /index.html#MRD


http://staffwww.dcs.sheffield.ac.uk/people/A.Damianou/research/index.html#MRD

Deep GPs: Another multi-view example
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Y Z



Automatic structure discovery

Tools:

» ARD: Eliminate uncessary nodes/connections

» MRD: Conditional independencies

?)

(

» Approximating evidence: Number of layers




Automatic structure discovery

Tools:
» ARD: Eliminate uncessary nodes/connections
» MRD: Conditional independencies

» Approximating evidence: Number of layers (?)

[N,
A/

Y Ys



Deep GP variants

7
LR

Deep GP - Deep GP - Multi-view  Warped GP Temporal  Autoencoder
Supervised  Unupervised

~—E—E—E
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Temporal model: VGPDS

» Dynamics are encoded in the covariance matrix K, = k,(t,t).
» We can consider special forms for K.

Model individual sequences Model periodic data

» Show videos...
>

>


https://www.youtube.com/watch?v=i9TEoYxaBxQ
https://www.youtube.com/watch?v=mUY1XHPnoCU

Autoencoder example

Run demo...



Summary

v

A deep GP is not a GP.

Sampling is straight-forward. Regularization and training
needs to be worked out.

v

v

The solution is a special treatment of auxiliary variables.

» Many variants: multi-view, temporal, autoencoders ...

v

Future: how does it compare to / complement more
traditional deep models?



Thanks

Thanks to Neil Lawrence, James Hensman, Michalis Titsias, Carl
Henrik Ek.
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