
Deep Learning in the
Function space

Andreas Damianou

12/14/20 A. Damianou 1

NeurIPS 2020 Nairobi Meetup
10 Dec. 2020



What are the functional properties of a trained neural network?
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A general family of probabilistic models

Y = f3(f2(· · · f1(X))), Hi = fi(Hi�1)

<latexit sha1_base64="CCm/rqM20Tx6eyUDRvJB68ZqLmo=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoiioIIRS8eK9gPSEPZbDft0k027E7UEPozvHhQxKu/xpv/xm2bg7Y+GHi8N8PMPD8WXINtf1uFpeWV1bXiemljc2t7p7y719IyUZQ1qRRSdXyimeARawIHwTqxYiT0BWv7o5uJ335gSnMZ3UMaMy8kg4gHnBIwkpviKxxUny7x43GvXLFr9hR4kTg5qaAcjV75q9uXNAlZBFQQrV3HjsHLiAJOBRuXuolmMaEjMmCuoREJmfay6cljfGSUPg6kMhUBnqq/JzISap2GvukMCQz1vDcR//PcBIILL+NRnACL6GxRkAgMEk/+x32uGAWRGkKo4uZWTIdEEQompZIJwZl/eZG0TmrOWc2+O63Ur/M4iugAHaIqctA5qqNb1EBNRJFEz+gVvVlgvVjv1sestWDlM/voD6zPHzC5j+M=</latexit>

y = f(x;w)



Sub-networks… sub-functions?
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<latexit sha1_base64="CCm/rqM20Tx6eyUDRvJB68ZqLmo=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoiioIIRS8eK9gPSEPZbDft0k027E7UEPozvHhQxKu/xpv/xm2bg7Y+GHi8N8PMPD8WXINtf1uFpeWV1bXiemljc2t7p7y719IyUZQ1qRRSdXyimeARawIHwTqxYiT0BWv7o5uJ335gSnMZ3UMaMy8kg4gHnBIwkpviKxxUny7x43GvXLFr9hR4kTg5qaAcjV75q9uXNAlZBFQQrV3HjsHLiAJOBRuXuolmMaEjMmCuoREJmfay6cljfGSUPg6kMhUBnqq/JzISap2GvukMCQz1vDcR//PcBIILL+NRnACL6GxRkAgMEk/+x32uGAWRGkKo4uZWTIdEEQompZIJwZl/eZG0TmrOWc2+O63Ur/M4iugAHaIqctA5qqNb1EBNRJFEz+gVvVlgvVjv1sestWDlM/voD6zPHzC5j+M=</latexit>

y = f(x;w)

φ
φ φ

Lottery Ticket Hypothesis, Frankle & Garbin, 2019



Sub-networks… sub-functions?
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<latexit sha1_base64="CCm/rqM20Tx6eyUDRvJB68ZqLmo=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoiioIIRS8eK9gPSEPZbDft0k027E7UEPozvHhQxKu/xpv/xm2bg7Y+GHi8N8PMPD8WXINtf1uFpeWV1bXiemljc2t7p7y719IyUZQ1qRRSdXyimeARawIHwTqxYiT0BWv7o5uJ335gSnMZ3UMaMy8kg4gHnBIwkpviKxxUny7x43GvXLFr9hR4kTg5qaAcjV75q9uXNAlZBFQQrV3HjsHLiAJOBRuXuolmMaEjMmCuoREJmfay6cljfGSUPg6kMhUBnqq/JzISap2GvukMCQz1vDcR//PcBIILL+NRnACL6GxRkAgMEk/+x32uGAWRGkKo4uZWTIdEEQompZIJwZl/eZG0TmrOWc2+O63Ur/M4iugAHaIqctA5qqNb1EBNRJFEz+gVvVlgvVjv1sestWDlM/voD6zPHzC5j+M=</latexit>

y = f(x;w)

φ
φ φ

Lottery Ticket Hypothesis, Frankle & Garbin, 2019

<latexit sha1_base64="8Y8r1qoRTRFVxEx7hAN9cJYhlnk=">AAACKXicjZDLSgMxFIYz9VbrbdSlm2ARXJUZUXQjFN24rGAv0A4lk2ba0CQzJGeEMvR13PgqbhQUdeuLmLaz0NaFPwQ+/nMOJ+cPE8ENeN6HU1haXlldK66XNja3tnfc3b2GiVNNWZ3GItatkBgmuGJ14CBYK9GMyFCwZji8ntSb90wbHqs7GCUskKSveMQpAWt13WqEL3EnGRAFscws8DHGHco1xf+zu27Zq3hT4UXwcyijXLWu+9LpxTSVTAEVxJi27yUQZEQDp4KNS53UsITQIemztkVFJDNBNr10jI+s08NRrO1TgKfuz4mMSGNGMrSdksDAzNcm5l+1dgrRRZBxlaTAFJ0tilKBIcaT2HCPa0ZBjCwQqrn9K6YDogkFG27JhuDPn7wIjZOKf1bxbk/L1as8jiI6QIfoGPnoHFXRDaqhOqLoAT2hV/TmPDrPzrvzOWstOPnMPvol5+sbZTqmxA==</latexit>

f = � �φ φ φ<latexit sha1_base64="CLsafcpirwX9UQ2zoI7fVipcZO4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbTTbt0swm7G6GE/ggvHhTx6u/x5r9xm+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVyFoYi1h1A6qZ4JK1DDeCdRPFaBQI1gkmd3O/88SU5rF8NNOE+REdSR5ypMZKHdJHrpAMqjW37uYgq8QrSA0KNAfVr/4wxjRi0qCgWvc8NzF+RpXhKNis0k81SyhO6Ij1LJU0YtrP8nNn5MwqQxLGypY0JFd/T2Q00noaBbYzomasl725+J/XS01442dcJqlhEheLwlQQE5P572TIFUMjppZQVNzeSnBMFUVjE6rYELzll1dJ+6LuXdXdh8ta47aIowwncArn4ME1NOAemtAChAk8wyu8OYnz4rw7H4vWklPMHMMfOJ8/emuPAQ==</latexit>� <latexit sha1_base64="CLsafcpirwX9UQ2zoI7fVipcZO4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbTTbt0swm7G6GE/ggvHhTx6u/x5r9xm+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVyFoYi1h1A6qZ4JK1DDeCdRPFaBQI1gkmd3O/88SU5rF8NNOE+REdSR5ypMZKHdJHrpAMqjW37uYgq8QrSA0KNAfVr/4wxjRi0qCgWvc8NzF+RpXhKNis0k81SyhO6Ij1LJU0YtrP8nNn5MwqQxLGypY0JFd/T2Q00noaBbYzomasl725+J/XS01442dcJqlhEheLwlQQE5P572TIFUMjppZQVNzeSnBMFUVjE6rYELzll1dJ+6LuXdXdh8ta47aIowwncArn4ME1NOAemtAChAk8wyu8OYnz4rw7H4vWklPMHMMfOJ8/emuPAQ==</latexit>�



How does the function change if I remove a node?
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A general family of probabilistic models

Y = f3(f2(· · · f1(X))), Hi = fi(Hi�1)

X
<latexit sha1_base64="x+o0SsQGz/Tj6aQyxvrnsHWwkSw=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMkXsKuKAoiBL14jGAekCxhdjKbDJmdXWdmo8uS7/DiQRGvfow3/8bJ46CJBQ1FVTfdXV7EmdK2/W1llpZXVtey67mNza3tnfzuXl2FsSS0RkIeyqaHFeVM0JpmmtNmJCkOPE4b3uBm7DeGVCoWinudRNQNcE8wnxGsjeQm6Ar5xdLTJXosHnfyBbtsT4AWiTMjBZih2sl/tbshiQMqNOFYqZZjR9pNsdSMcDrKtWNFI0wGuEdbhgocUOWmk6NH6MgoXeSH0pTQaKL+nkhxoFQSeKYzwLqv5r2x+J/XirV/4aZMRLGmgkwX+TFHOkTjBFCXSUo0TwzBRDJzKyJ9LDHRJqecCcGZf3mR1E/KzlnZvjstVK5ncWThAA6hBA6cQwVuoQo1IPAAz/AKb9bQerHerY9pa8aazezDH1ifP/ZFkEU=</latexit>

y = f 0(x;w0)



It’s not (only) about structure
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<latexit sha1_base64="CCm/rqM20Tx6eyUDRvJB68ZqLmo=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoiioIIRS8eK9gPSEPZbDft0k027E7UEPozvHhQxKu/xpv/xm2bg7Y+GHi8N8PMPD8WXINtf1uFpeWV1bXiemljc2t7p7y719IyUZQ1qRRSdXyimeARawIHwTqxYiT0BWv7o5uJ335gSnMZ3UMaMy8kg4gHnBIwkpviKxxUny7x43GvXLFr9hR4kTg5qaAcjV75q9uXNAlZBFQQrV3HjsHLiAJOBRuXuolmMaEjMmCuoREJmfay6cljfGSUPg6kMhUBnqq/JzISap2GvukMCQz1vDcR//PcBIILL+NRnACL6GxRkAgMEk/+x32uGAWRGkKo4uZWTIdEEQompZIJwZl/eZG0TmrOWc2+O63Ur/M4iugAHaIqctA5qqNb1EBNRJFEz+gVvVlgvVjv1sestWDlM/voD6zPHzC5j+M=</latexit>

y = f(x;w)

A general family of probabilistic models

Y = f3(f2(· · · f1(X))), Hi = fi(Hi�1)
<latexit sha1_base64="x+o0SsQGz/Tj6aQyxvrnsHWwkSw=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMkXsKuKAoiBL14jGAekCxhdjKbDJmdXWdmo8uS7/DiQRGvfow3/8bJ46CJBQ1FVTfdXV7EmdK2/W1llpZXVtey67mNza3tnfzuXl2FsSS0RkIeyqaHFeVM0JpmmtNmJCkOPE4b3uBm7DeGVCoWinudRNQNcE8wnxGsjeQm6Ar5xdLTJXosHnfyBbtsT4AWiTMjBZih2sl/tbshiQMqNOFYqZZjR9pNsdSMcDrKtWNFI0wGuEdbhgocUOWmk6NH6MgoXeSH0pTQaKL+nkhxoFQSeKYzwLqv5r2x+J/XirV/4aZMRLGmgkwX+TFHOkTjBFCXSUo0TwzBRDJzKyJ9LDHRJqecCcGZf3mR1E/KzlnZvjstVK5ncWThAA6hBA6cQwVuoQo1IPAAz/AKb9bQerHerY9pa8aazezDH1ifP/ZFkEU=</latexit>

y = f 0(x;w0)

A general family of probabilistic models

Y = f3(f2(· · · f1(X))), Hi = fi(Hi�1)

(optimized for 5 epochs) (optimized for 90 epochs)



What does it mean to “transfer” a layer? 
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A general family of probabilistic models

Y = f3(f2(· · · f1(X))), Hi = fi(Hi�1)

A general family of probabilistic models

Y = f3(f2(· · · f1(X))), Hi = fi(Hi�1)

y = f(x; w) y = f(x; [w, w] )
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Cutting out the middleman… Dealing with functions directly!



Deep learning over functions.

• Intuitive composition of signals 

• Adding prior knowledge/assumptions

• Generalization/generation by averaging hypotheses
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f1 � f2 vs f([w1, w2])

<latexit sha1_base64="zz+Ui6PqbrlkACWIF1FbQZcmEcM=">AAACFXicbVDLSgMxFM3UV62vqks3wSJUKGWmVHRZdOOygn1AZxgyaaYNzTxI7rSWoT/hxl9x40IRt4I7/8b0sdDWA/dyOOdeknu8WHAFpvltZNbWNza3stu5nd29/YP84VFTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wM/VbQyYVj8J7GMfMCUgv5D6nBLTk5ku+a2Gbckmx71awDewBUmzjodJtgv1iZ+RaJTxyK855zs0XzLI5A14l1oIU0AJ1N/9ldyOaBCwEKohSHcuMwUmJBE4Fm+TsRLGY0AHpsY6mIQmYctLZVRN8ppUu9iOpKwQ8U39vpCRQahx4ejIg0FfL3lT8z+sk4F85KQ/jBFhI5w/5icAQ4WlEuMsloyDGmhAquf4rpn0iCQUd5DQEa/nkVdKslK1q+eKuWqhdL+LIohN0iorIQpeohm5RHTUQRY/oGb2iN+PJeDHejY/5aMZY7ByjPzA+fwCEP5vj</latexit>

R
f p(y|f)p(f) vs p(y|f(ŵ))

<latexit sha1_base64="pG57I718kFcPrq1Su5qVGF0DPqk=">AAACJ3icbVDLSgMxFM34tr6qLt0Ei9BuyowouhLRjUsFawudUjLpHRvMZIbkjjqM/Rs3/oobQUV06Z+YPhbaeiA3h3PuJbknSKQw6LpfztT0zOzc/MJiYWl5ZXWtuL5xZeJUc6jxWMa6ETADUiiooUAJjUQDiwIJ9eDmtO/Xb0EbEatLzBJoRexaiVBwhlZqF498hHs0mEnwhcJ2SJNy9hBW7GXLwMypT2+Nb2tvaJb9LsP8rlepFNrFklt1B6CTxBuREhnhvF189TsxTyNQyCUzpum5CbZyplFwCb2CnxpIGL9h19C0VLEITCsf7NmjO1bp0DDW9iikA/X3RM4iY7IosJ0Rw64Z9/rif14zxfCwlQuVpAiKDx8KU0kxpv3QaEdo4CgzSxjXwv6V8i7TjKONth+CN77yJLnarXp71f2LvdLxySiOBbJFtkmZeOSAHJMzck5qhJNH8kzeyLvz5Lw4H87nsHXKGc1skj9wvn8A9j2ktQ==</latexit>

p(f) vs p(w)

<latexit sha1_base64="0zS8y+6gfBD353B1Us+x7MSbZb0=">AAACBXicbVC7TgJBFJ3FF+Jr1VKLicQEGrJrMFoSbSwxkUfCEjI7zMKE2Udm7qJkQ2Pjr9hYaIyt/2Dn3zgLWyh4kntzcs69mbnHjQRXYFnfRm5ldW19I79Z2Nre2d0z9w+aKowlZQ0ailC2XaKY4AFrAAfB2pFkxHcFa7mj69RvjZlUPAzuYBKxrk8GAfc4JaClnnkclbwydoA9QIIdPFaO7lOMo9J9udAzi1bFmgEvEzsjRZSh3jO/nH5IY58FQAVRqmNbEXQTIoFTwaYFJ1YsInREBqyjaUB8prrJ7IopPtVKH3uh1BUAnqm/NxLiKzXxXT3pExiqRS8V//M6MXiX3YQHUQwsoPOHvFhgCHEaCe5zySiIiSaESq7/iumQSEJBB5eGYC+evEyaZxW7Wjm/rRZrV1kceXSETlAJ2egC1dANqqMGougRPaNX9GY8GS/Gu/ExH80Z2c4h+gPj8we9J5Yq</latexit>



NN at initialization is a GP (infinite width limit)

12/13/20 11A. Damianou

Y

h h h h h

x x x x

… …

Limit of infinite num. parameters: 
Optimization of finite num. parameters à Integration of infinite model

Closed form solution for modelled function class!

1 layer:   Neal 1994; Williams 1997
>1 layers: Matthews et al. 2018, Lee et al. 2018

<latexit sha1_base64="33B2h99poWnEOTbv8IRCL3ivpfw=">AAACEXicbVDLSgNBEJz1GeNr1aOXwSBsIIRdUfQY9KDgJYJ5QDaE2clsMmT2wUyvJCz5BS/+ihcPinj15s2/cZLsQRMLGoqqbrq7vFhwBbb9bSwtr6yurec28ptb2zu75t5+XUWJpKxGIxHJpkcUEzxkNeAgWDOWjASeYA1vcDXxGw9MKh6F9zCKWTsgvZD7nBLQUse03IBAnxKRXlfHrmA+WNgNEmtYLOFba1gaFl3Je30odsyCXbanwIvEyUgBZah2zC+3G9EkYCFQQZRqOXYM7ZRI4FSwcd5NFIsJHZAea2kakoCpdjr9aIyPtdLFfiR1hYCn6u+JlARKjQJPd07uV/PeRPzPayXgX7RTHsYJsJDOFvmJwBDhSTy4yyWjIEaaECq5vhXTPpGEgg4xr0Nw5l9eJPWTsnNWtu9OC5XLLI4cOkRHyEIOOkcVdIOqqIYoekTP6BW9GU/Gi/FufMxal4xs5gD9gfH5A0X1nAE=</latexit>

GP (µ(x),K(x, x))



GP as kernel machine 
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<latexit sha1_base64="7UaLfyi1brlAfVNdzrZtBTIuFvI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoseiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhzcRvPqLSPJYPZpSgH9G+5CFn1Fjp/ql72i2V3Yo7BVkkXk7KkKPWLX11ejFLI5SGCap123MT42dUGc4EjoudVGNC2ZD2sW2ppBFqP5ueOibHVumRMFa2pCFT9fdERiOtR1FgOyNqBnrem4j/ee3UhFd+xmWSGpRstihMBTExmfxNelwhM2JkCWWK21sJG1BFmbHpFG0I3vzLi6RxVvEuKu7debl6ncdRgEM4ghPw4BKqcAs1qAODPjzDK7w5wnlx3p2PWeuSk88cwB84nz8CZo2d</latexit>x⇤
<latexit sha1_base64="7UaLfyi1brlAfVNdzrZtBTIuFvI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoseiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhzcRvPqLSPJYPZpSgH9G+5CFn1Fjp/ql72i2V3Yo7BVkkXk7KkKPWLX11ejFLI5SGCap123MT42dUGc4EjoudVGNC2ZD2sW2ppBFqP5ueOibHVumRMFa2pCFT9fdERiOtR1FgOyNqBnrem4j/ee3UhFd+xmWSGpRstihMBTExmfxNelwhM2JkCWWK21sJG1BFmbHpFG0I3vzLi6RxVvEuKu7debl6ncdRgEM4ghPw4BKqcAs1qAODPjzDK7w5wnlx3p2PWeuSk88cwB84nz8CZo2d</latexit>x⇤

See also: adamian.github.io/talks/Damianou_GP_tutorial.html



GP as kernel machine
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<latexit sha1_base64="hxTyIIzFqv2nohlX3MXCG2cZqUw="></latexit>

y⇤ ⇠ N
⇣
k⇤K̃

�1y,C
⌘

<latexit sha1_base64="63z4KsgII6Kwkhx07fxud1paJnA="></latexit>

k⇤ = [k(x⇤, x1), k(x⇤, x2), . . . k(x⇤, xn)]wherePredictions:

<latexit sha1_base64="7UaLfyi1brlAfVNdzrZtBTIuFvI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoseiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhzcRvPqLSPJYPZpSgH9G+5CFn1Fjp/ql72i2V3Yo7BVkkXk7KkKPWLX11ejFLI5SGCap123MT42dUGc4EjoudVGNC2ZD2sW2ppBFqP5ueOibHVumRMFa2pCFT9fdERiOtR1FgOyNqBnrem4j/ee3UhFd+xmWSGpRstihMBTExmfxNelwhM2JkCWWK21sJG1BFmbHpFG0I3vzLi6RxVvEuKu7debl6ncdRgEM4ghPw4BKqcAs1qAODPjzDK7w5wnlx3p2PWeuSk88cwB84nz8CZo2d</latexit>x⇤
<latexit sha1_base64="7UaLfyi1brlAfVNdzrZtBTIuFvI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoseiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhzcRvPqLSPJYPZpSgH9G+5CFn1Fjp/ql72i2V3Yo7BVkkXk7KkKPWLX11ejFLI5SGCap123MT42dUGc4EjoudVGNC2ZD2sW2ppBFqP5ueOibHVumRMFa2pCFT9fdERiOtR1FgOyNqBnrem4j/ee3UhFd+xmWSGpRstihMBTExmfxNelwhM2JkCWWK21sJG1BFmbHpFG0I3vzLi6RxVvEuKu7debl6ncdRgEM4ghPw4BKqcAs1qAODPjzDK7w5wnlx3p2PWeuSk88cwB84nz8CZo2d</latexit>x⇤

See also: adamian.github.io/talks/Damianou_GP_tutorial.html



But… how can we then hierarchical features? 

12/13/20 A. Damianou 14

Hierarchical 
feature learning

Optim
ization in parameter sp

ace

Have we thrown the baby out 
with the bathwater?         

David MacKay.
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30 Nov. 2020 6 Dec. 2020
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30 Nov. 2020 6 Dec. 2020

According to the hype of 1987, neural networks were meant to be intelligent models that discovered 
features and patterns in data. Gaussian processes in contrast are simply smoothing devices. How can 
Gaussian processes possibly replace neural networks? Were neural networks over-hyped, or have we 
underestimated the power of smoothing methods? I think both these propositions are true. 

David MacKay. 
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30 Nov. 2020 6 Dec. 2020

- Nuance: wide NNs result in data-dependent kernels ( ≈ “functional features” learned from data).  

- So, we can have both: hierarchical feature learning and function space inference. 



NNs fine-tuned in function space

Fit DNN’s parameters      on data

Encode the trained DNN function as a kernel 

For new inputs        predict with a GP having kernel

<latexit sha1_base64="iGEq+Ie4Mw75QMQYdtR9hnEpNcY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRimhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD5geM/w==</latexit>w
<latexit sha1_base64="NFst67Qgd75Y4uc4Mt2SsZoGLO0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rbuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtwuM4A==</latexit>

X

Jacot et a. 2019,       Maddox et al. 2019

github.com/amzn/xfer/



NNs fine-tuned in function space

Fit DNN’s parameters      on data

Encode the trained DNN function as a kernel 

For new inputs        predict with a GP having kernel

<latexit sha1_base64="iGEq+Ie4Mw75QMQYdtR9hnEpNcY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRimhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD5geM/w==</latexit>w
<latexit sha1_base64="NFst67Qgd75Y4uc4Mt2SsZoGLO0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rbuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtwuM4A==</latexit>

X

Jacot et a. 2019,       Maddox et al. 2019

<latexit sha1_base64="sPQ0r1Y4yEpEnEngBB+UdOKTESI=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EitpuSiKJQhKIbcVWhF6GNZTKdtEMnkzAzsYZSX8WNC0Xc+iDufBsnbRba+sPAx3/O4Zz53ZBRqSzr28gsLa+srmXXcxubW9s75u5eUwaRwKSBAxaIOxdJwignDUUVI3ehIMh3GWm5w6uk3nogQtKA11UcEsdHfU49ipHSVtfMX8Cb4mNlVLqvJ3BUgaNS1yxYZWsquAh2CgWQqtY1vzq9AEc+4QozJGXbtkLljJFQFDMyyXUiSUKEh6hP2ho58ol0xtPjJ/BQOz3oBUI/ruDU/T0xRr6Use/qTh+pgZyvJeZ/tXakvHNnTHkYKcLxbJEXMagCmCQBe1QQrFisAWFB9a0QD5BAWOm8cjoEe/7Li9A8LtunZev2pFC9TOPIgn1wAIrABmegCq5BDTQABjF4Bq/gzXgyXox342PWmjHSmTz4I+PzBwT1km0=</latexit>

= J(x;w)TJ(x0;w)

Kernel governing SGD dynamics around convergence

github.com/amzn/xfer/
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github.com/amzn/xfer/



Hierarchical function learning with Deep GPs

Yf

f

Input

Output

Unobserved

X

H

Y

See: Damianou and Lawrence 2013,   Damianou 2015

GP

GP

Hierarchical learning 
can also happen in the 
function space directly!



Take home messages

DNNs: hierarchical concept learning, learns well from large data 

Function space modeling: interpretable, avoids local optima, data efficient 

Can combine both by considering the kernel limit of trained DNNs 

and/or we can perform hierarchical learning on the function space directly 

12/13/20 A. Damianou 23

See also: github.com/amzn/xfer/

Questions?
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Thanks to my collaborators:
• Wesley Maddox
• Pablo G. Moreno
• Andrew Wilson
• Shuai Tang
• Neil Lawrence
• Jordan Massiah
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Appendix I: DGPs



Feature learning

Features are learned as “knots” in the latent space, carried over from layer to layer.

12/13/20 27A. Damianou



Feature learning

Features are learned as “knots” in the latent space, carried over from layer to layer.

12/13/20 28A. Damianou

Narrow intermediate layers do give hierarchical feature learning.



Step function example 

| | | | | | |

| | | | | | |

| | | | | | |

Single GP

2-layer Deep GP

4-layer Deep GP

12/13/20 29A. Damianou



Successive warping to learn the step function

�1 �0.5 0 0.5 1 1.5 2

�1 �0.5 0 0.5 1 1.5 2�1 �0.5 0 0.5 1 1.5 2

�1 �0.5 0 0.5 1 1.5 2
�0.5

0

0.5

1

1.5
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Unsupervised learning for multiple views

12/14/20 31A. Damianou
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Appendix II: NTK
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Initialization During training Convergence

Neal ‘94
Lee et al. ‘18
Matthews et al. ‘18 

Jacot et al. ‘18 NTK
Lee et al. ‘19
Hayou et al. ‘19

Maddox et al. ‘19 

W. Maddox, S. Tang, P. Moreno, A. Wilson, A. Damianou: Fast Adaptation with Linearized Neural Networks. 2019

Model: A degenerate GP from DNNs obtained at convergence.

GP        DNN beyond initialization (and practical use)



DNN training dynamics in GD

wt+1 = wt � ⌘rwL(f(wt)) )
wt+1 � wt

⌘
= �rwL(f(wt)) )

dw(t)

dt
= �rwf(wt)rfL(f(wt))

Then:

d f(w(t))

dt
= �r>

wf(wt)rwf(wt)| {z }
NTK

rfL(f(wt))

12/14/20 A. Damianou 34
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DNN training dynamics in GD

wt+1 = wt � ⌘rw L(f(x;wt))| {z }
log p(y|f(x;w))

) wt+1 � wt

⌘
= �rwL(f(wt)) )

dw(t)

dt
= �rwL(f(wt)) (1)

But:
dL(f(wt))

dwt
= L(f(wt))

df
df(wt)
dwt

(chain rule). So writing nabla notation, (1) becomes:

dw(t)

dt
= �rwf(wt)rfL(f(wt)) (2)

Then:
d f(w(t))

dt = df(w(t))
dw(t)

dw(t)
dt = �r>

wf(wt)rwf(wt)| {z }
NTK

rfL(f(wt))

Notation, rwf(x;wt) = Jw(x)



12/14/20 A. Damianou 36

Appendix III: GPs
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Infinite model... but we always work with finite sets!

Multivariate Gaussian for all fi = f(xi):

p(f1, f2, · · · , fn| {z }
fn

, fn+1, fn+2, · · · , fs| {z }
fs

) = p(fn, fs ) ⇠ N (µ ,K ).

with:

µ =


µn

µs

�
and K =


Knn Kns

Ksn Kss

�

Marginalisation:

p(fn) =

Z

fs

p(fn, fs )dfs = N (µn,Knn)
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Infinite model... but we always work with finite sets!

Multivariate Gaussian for all fi = f(xi):

p(f1, f2, · · · , fn| {z }
fn

, fn+1, fn+2, · · · , f1| {z }
f1

) = p(fn, f1) ⇠ GP(µ1,K1).

with:

µ1 =


µn

· · ·

�
and K1 =


Knn · · ·
· · · · · ·

�

Marginalisation:

p(fn) =

Z

f1

p(fn, f1)df1 = N (µn,Knn)
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Infinite model... but we always work with finite sets!

Multivariate Gaussian for all fi = f(xi):

p(f1, f2, · · · , fn| {z }
fn

, fn+1, fn+2, · · · , f1| {z }
f1

) = p(fn, f1) ⇠ N (µ1,K1).

with:

µ1 =


µn

· · ·

�
and K1 =


Knn · · ·
· · · · · ·

�

Marginalisation:

p(fn) =

Z

f1

p(fn, f1)df1 = N (µn,Knn)
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Infinite model... but we always work with finite sets!

Multivariate Gaussian for all fi = f(xi):

p(f1, f2, · · · , fn| {z }
fn

, fn+1, fn+2, · · · , f1| {z }
f1

) = p(fn, f1) ⇠ N (µ1,K1).

with:

µ1 =


µn

· · ·

�
and K1 =


Knn · · ·
· · · · · ·

�

Marginalisation:

p(fn) =

Z

f1

p(fn, f1)df1 = N (µn,Knn)

Ki,j = k(xi,xj ; ✓)

µi = µ(xi) Ki,j = k(xi,xj ; ✓)

µi = µ(xi)Train a GP means fitting  ✓

<latexit sha1_base64="jeMNMzS8PsU1FWkR24iA8gyofpY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSuqh6terlfa1Sv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/po+PMA==</latexit>
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Introducing Gaussian Processes:

I A Gaussian distribution depends on a mean and a covariance matrix.

I A Gaussian process depends on a mean and a covariance function.

1/14/20 A. Damianou 11



GP: Infinite dimensional Gaussian distribution

12/14/20 A. Damianou 42
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1-dim 2-dim ∞-dim

A GP is a distribution over functions. 


